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E-mail address: roaz@ing.unitn.it (A. Piccolroaz).The paper addresses the problem of a Mode III interfacial crack advancing quasi-statically in a heteroge-
neous composite material, that is a two-phase material containing elastic inclusions, both soft and stiff,
and defects, such as microcracks, rigid line inclusions and voids. It is assumed that the bonding between
dissimilar elastic materials is weak so that the interface is a preferential path for the crack. The pertur-
bation analysis is made possible by means of the fundamental solutions (symmetric and skew-symmetric
weight functions) derived in Piccolroaz et al. (2009). We derive the dipole matrices of the defects in ques-
tion and use the corresponding dipole ﬁelds to evaluate ‘‘effective’’ tractions along the crack faces and
interface to describe the interaction between the main interfacial crack and the defects. For a stable prop-
agation of the crack, the perturbation of the stress intensity factor induced by the defects is then balanced
by the elongation of the crack along the interface, thus giving an explicit asymptotic formula for the cal-
culation of the crack advance. The method is general and applicable to interfacial cracks with general dis-
tributed loading on the crack faces, taking into account possible asymmetry in the boundary conditions.
The analytical results are used to analyse the shielding and ampliﬁcation effects of various types of
defects in different conﬁgurations. Numerical computations based on the explicit analytical formulae
allows for the analysis of crack propagation and arrest.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Analytic solutions for a crack propagating in a homogeneous
elastic solid containing a ﬁnite number of small defects (elastic
and rigid inclusions, microcracks, voids) have been derived in
Bigoni et al. (1998), Valentini et al. (1999), and Movchan et al.
(2002) on the basis of the dipole matrix and weight function ap-
proach. The dipole ﬁeld describes the leading-order perturbation
produced by a small defect placed in a smooth stress ﬁeld and
gives rise to ‘‘effective’’ tractions applied along the crack faces, that
is, ideal tractions which produce the same perturbation as that of
the defect in question. Furthermore, the weight functions allow
for the derivation of the corresponding perturbation of the stress
intensity factor as weighted integral of the ‘‘effective’’ tractions.
The method is general and applicable to both 2D and 3D cases
and to defects of different type and shape, provided that the corre-
sponding dipole matrix is appropriately constructed and the
weight functions for the corresponding unperturbed cracked body
are available.ll rights reserved.
: +39 0461882599.Problems of a macrocrack interacting with microcracks have
been analysed by Romalis and Tamuzh (1984) under the inﬂuence
of mechanical loading and by Tamuzs et al. (1993) under the inﬂu-
ence of heat ﬂux, using the analytic functions and singular inte-
grals approach (Muskhelishvili, 2008). The possible closure of
crack surfaces and the consequent appearance of a contact zone
have been considered in Tamuzs et al. (1994, 1996). An elastic
problem involving collinear conﬁguration of microcracks ahead
of a macrocrack was solved independently by Rubinstein (1985)
and Rose (1986). Asymptotic models of a semi-inﬁnite crack inter-
acting with microcracks have been developed by Gong and Horii
(1989) and Meguid et al. (1991) using complex potentials and
the superposition principle. Jin et al. (2007) considered the interac-
tion between a Mode III interface crack and a screw dislocation di-
pole. A review of publications on macro–microdefect interaction
problem is given in Tamuzs and Petrova (2002).
Recently, Piccolroaz et al. (2009) derived the symmetric and
skew-symmetric weight functions for a semi-inﬁnite two-dimen-
sional interfacial crack, thus disclosing the possibility of applying
the dipole matrix approach to the propagation of cracks along
the interface in heterogeneous materials with small defects. The
weight functions constructed in Piccolroaz et al. (2009) are of the
generalised type and thus applicable to any type of boundary
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ated with a small crack advance was also obtained there. It is
worth noting that the availability of the skew-symmetric function
for the problem under consideration is essential since the ‘‘effec-
tive’’ loading produced by the defects on the crack faces is not sym-
metrical, in general. In the present paper, we analyse the scalar
case of antiplane shear loading. The full vector problem will be ad-
dressed elsewhere.
The paper is organised as follows. The formulation of the prob-
lem is outlined in Section 2, which includes also preliminary re-
sults on the unperturbed problem. Section 3 is devoted to the
perturbation analysis, in particular the derivation of the dipole
ﬁelds for several types of defects and the analysis of singular per-
turbation associated with the crack advance. Section 4 provides a
number of numerical results based on the explicit analytical for-
mulae. In particular, shielding and ampliﬁcation effects of different
defect conﬁgurations on the crack-tip ﬁeld are presented. Simpli-
ﬁed asymptotic formulae for the limiting case of loading applied
at large distance from the crack tip are also derived in this section
(conﬁrming and extending the results presented in Mishuris et al.
(in press), where only linear defects were considered). The possi-
bility to design a neutral conﬁguration for any given force system
distributed along the crack faces is discussed. Finally, the crack
propagation and arrest produced by the defects under consider-
ation is analysed. In the appendix, we derive the dipole matrix
for an elliptic elastic inclusion placed in a homogeneous antiplane
ﬁeld.2. Problem formulation and preliminary results
We consider a two-dimensional composite structure consisting
of a bimaterial matrix (two dissimilar elastic half-planes X±) con-
taining a dilute distribution of inclusions, microcracks and rigid
line inclusions, see Fig. 1. The two materials constituting the ma-
trix are assumed to be linear elastic and isotropic, with shear mod-
uli denoted by l+ and l, respectively. All interfaces between
different phases are assumed to be perfect, that is, the displace-
ments and tractions remain continuous across the interface.
We introduce the following notations. Let ge X+ be a small
elastic inclusion of diameter 2el1 centred at the point Y1 = (a1,h1).
The shear modulus of the inclusion is denoted by li, and it can
be greater or smaller than the shear modulus l+ of the surrounding
material, so that both stiff and soft inclusions are considered. The
notation ce2  X is used for a microcrack of the length 2el2, centred
at the point Y2 = (a2,h2) and making an angle a2 > 0 with the posi-
tive direction of the x1-axis. By ce3  Xþ we denote a movable rigid+Ω [ μ ,+ ρ+ ]
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Fig. 1. Geometry of the problem: interface crack in a bimaterial plane with defects:
ge denotes a small elastic inclusion, ce2 a microcrack, and ce3 a rigid line inclusion; Y1,
Y2, Y3 are the ‘‘centres’’ of the defects.line inclusion of the length 2el3, centred at the point Y3 = (a3,h3)
and making an angle a3 > 0 with the positive direction of the
x1-axis. Although these notations refer speciﬁcally to Fig. 1, the
formulation can be easily extended to problems with different
number and type of defects, as those considered in Section 4.
We assume that a semi-inﬁnite interface crack Me advances
quasi-statically along the interface Ce connecting the half-planes,
and we denote the uniform advance of the crack by e2/. Here
and in the sequel, e > 0 is a small dimensionless parameter. The
reason for the order e2 in the crack advance will be clear in Sec-
tion 3, where we perform the asymptotic analysis.
We assume that the composite is dilute, that is, the small de-
fects are distant from each other so that the interaction between
them can be neglected. Consequently, we can model the three
cases of an elastic inclusion, of a microcrack and of a rigid line
inclusion separately. It is possible then to extend the results to a
ﬁnite number of defects by superposition using the linearity of
the problem, provided that the distance between defects remains
ﬁnite.
An external loading p± is applied to the crack faces C
e
 and it is
assumed to be self-balanced such that the principal force vector is
zero, that is,
Z
Ceþ
pþdx
Z
Ce
pdx ¼ 0: ð1Þ
We assume that the loading p± on the crack faces vanishes in a
neighbourhood of the crack tip.
The problem is then formulated in terms of the Laplace
equation
Duðx1; x2Þ ¼ 0; Duiðx1; x2Þ ¼ 0; ð2Þ
where u = {u+,u,ui} denotes the displacement component along x3-
axis in the respective domain Xþ n ge [ ce3
 
;X n ce2 and ge.
We prescribe the following boundary conditions on the crack
faces
l
@u
@x2
¼ p on Ce ð3Þ
and the interface conditions
uþ ¼ u; lþ
@uþ
@x2
¼ l
@u
@x2
on Ce: ð4Þ
The transmission conditions for the elastic inclusion ge are formu-
lated similarly to (4), that is,
uþ ¼ ui; lþ
@uþ
@n
¼ li
@ui
@n
on @ge: ð5Þ
We assume that the microcrack faces c2 are traction free, so that@u
@n
¼ 0 on c2 : ð6Þ
Finally, on the boundary of the movable rigid line inclusion ce3 the
Dirichlet boundary condition is prescribed, that is,
uþ ¼ u on ce3; ð7Þ
where u⁄ is an unknown constant which will be deﬁned later from
the balance conditionZ
ce
3
@uþ
@n
ds ¼ 0: ð8Þ
The unperturbed problem (e = 0) corresponds to a semi-inﬁnite
interfacial crack in a bimaterial plane. The solution to this problem
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form
uð0Þ ðr; hÞ ¼
1
2pi
Z xþi1
xi1
~uð0Þ ðs; hÞrsds; h 2 ð0;pÞ; ð9Þ
where
~uð0Þ ðs; hÞ ¼ 
sinðshÞ
ls cosðpsÞ
h~piðsÞ
þ cosðshÞðlþ þ lÞs sinðpsÞ
þ ðlþ  lÞ sinðshÞ
2lðlþ þ lÞs cosðpsÞ
 
s~ptðsÞ;
ð10Þ
and 0 <x < 0.5, with the symmetric and skew-symmetric compo-
nents of the loading denoted by spt = p+  p and hpi = (p+ + p)/2,
respectively.
The two-terms asymptotic expansions for the traction r(0)
ahead of the crack tip and for the crack opening su(0)t read as
follows
rð0Þðr;0Þ ¼ K
ð0Þ
IIIﬃﬃﬃﬃﬃﬃ
2p
p r1=2 þ A
ð0Þ
IIIﬃﬃﬃﬃﬃﬃ
2p
p r1=2 þ Oðr3=2Þ; ð11Þ
suð0ÞtðrÞ ¼ lþ þ llþl
2Kð0ÞIIIﬃﬃﬃﬃﬃﬃ
2p
p r1=2  2A
ð0Þ
III
3
ﬃﬃﬃﬃﬃﬃ
2p
p r3=2
 !
þ Oðr5=2Þ; ð12Þ
where
Kð0ÞIII ¼ 
ﬃﬃﬃ
2
p
r Z 1
0
hpiðrÞ þ g
2
sptðrÞ
n o
r1=2dr; ð13Þ
Að0ÞIII ¼
ﬃﬃﬃ
2
p
r Z 1
0
hpiðrÞ þ g
2
sptðrÞ
n o
r3=2dr; ð14Þ
with g = (l  l+)/(l+ + l) being the contrast parameter.
For the perturbation analysis we will also need the so-called
symmetric and skew-symmetric weight functions, sUt and hU i,
respectively, and the corresponding ‘‘generalised traction’’ hRi in
a bimaterial plane with a semi-inﬁnite crack (see Piccolroaz
et al., 2009),
sUtðx1Þ ¼
1 iﬃﬃﬃﬃﬃﬃ
2p
p x1=21 ; x1 > 0;
0; x1 < 0;
8<
: hUiðx1Þ ¼ g=2sUtðx1Þ; ð15Þ
hRiðx1Þ ¼
0; x1 > 0;
ð1 iÞlþl
2
ﬃﬃﬃﬃﬃﬃ
2p
p
ðlþ þ lÞ
ðx1Þ3=2; x1 < 0:
8><
>: ð16Þ
Note that these functions are auxiliary solutions, having no direct
physical sense.
For an arbitrary solution u of the governing Eq. (2) and the cor-
responding traction r along the x1-axis, the reciprocity identity has
the form (Piccolroaz et al., 2009)Z 1
1
sUtðx01  x1Þhriðx1Þ þ hUiðx01  x1Þsrtðx1Þ

hRiðx01  x1Þsutðx1Þ

dx1 ¼ 0; ð17Þ
where the following notations have been used:
sf t ¼ fþ  f; hf i ¼ 12 ðfþ þ fÞ:
Let us introduce the notations
f ðþÞðx1Þ ¼ f ðx1ÞHðx1Þ; f ðÞðx1Þ ¼ f ðx1ÞHðx1Þ;
where H denotes the Heaviside function, so that
f ðx1Þ ¼ f ðþÞðx1Þ þ f ðÞðx1Þ: ð18ÞThe reciprocity identity (17) can be written asZ 1
1
sUt x01  x1
 hriðþÞðx1Þ  hRi x01  x1 sutðÞðx1Þn odx1
¼ 
Z 1
1
sUt x01  x1
 hriðÞðx1Þ þ hUi x01  x1 srtðÞðx1Þn odx1

Z 1
1
hUi x01  x1
 
srðþÞðx1Þdx1
þ
Z 1
1
hRi x01  x1
 
sutðþÞðx1Þdx1:
ð19Þ
Note that hri(),srt() are the average and the jump of the pre-
scribed loading on the crack faces, whereas srt(+),sut(+) are the pre-
scribed discontinuities of traction and displacement across the
interface. The identity (19) will be used extensively later in the per-
turbation analysis.
Additionally, we shall need the components of the displacement
gradient rxuð0Þ computed at an arbitrary point Y = (dcosu,dsinu).
These are obtained from (9) and given by
@uð0Þ
@x1
jY ¼
1
pd
Z 0
1
dx1
Fðx1Þ
sptðx1Þ
lþ þ l
sin2u 1
2
cosu
d
x1
 x1
d
	 
 
þ2hpiðx1Þ þ gsptðx1Þ
2l
ﬃﬃﬃﬃﬃﬃﬃﬃx1
d
r
sin
u
2
þ
ﬃﬃﬃﬃﬃﬃﬃﬃ
d
x1
s
sin
3u
2
0
@
1
A
9=
;;
ð20Þ	 
 @uð0Þ
@x2
jY ¼ 
1
pd
Z 0
1
dx1
Fðx1Þ
sptðx1Þ sinu
lþ þ l
cosuþ 1
2
d
x1
 x1
d
þ2hpiðx1Þ þ gsptðx1Þ
2l
ﬃﬃﬃﬃﬃﬃﬃﬃx1
d
r
cos
u
2
þ
ﬃﬃﬃﬃﬃﬃﬃﬃ
d
x1
s
cos
3u
2
0
@
1
A
9=
;;
ð21Þ
where F(x1) = 2cosu  x1/d  d/x1.3. Perturbation analysis
We shall construct an asymptotic solution of the problem using
the method developed in Movchan and Movchan (1995), that is the
asymptotics of the solution will be taken in the form
uðx; eÞ ¼ uð0Þ ðxÞ þ e
X3
j¼1
WjðnjÞ þ e2
X3
j¼1
uðjÞ ðxÞ
þ e2vðx;/Þ þ oðe2Þ; e! 0: ð22Þ
In (22), the leading term uð0Þ ðxÞ corresponds to the unperturbed
solution, and it is described in the previous section. The term
e
P3
j¼1WjðnjÞ corresponds to the boundary layers concentrated near
the defects and needed to satisfy the respective conditions (5)–
(7); the variables nj will be deﬁned in the next section. The term
e2
P3
j¼1u
ðjÞ
 ðxÞ is introduced to fulﬁl the original boundary conditions
(3) on the crack faces and the interface conditions (4) disturbed by
the boundary layers; this term, in turn, will produce perturbations
of the crack tip ﬁelds and correspondingly of the stress intensity
factor. In Section 3.1 we will analyse the effect of each defect sepa-
rately. Finally, the term e2v(x,/) corresponds to a singular perturba-
tion associated with a possible crack advance, e2/, and will be
addressed in Section 3.2.
3.1. Singular perturbation and dipole ﬁelds generated by small defects
3.1.1. Small elastic inclusion
We shall start with the elastic inclusion, situated in the upper
half-plane. The leading term uð0Þ ¼ uð0Þþ clearly does not satisfy
the transmission conditions (5) on the boundary @ge. Thus, we shall
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where the new scaled variable n1 is deﬁned by
n1 ¼
x Y1
e
ð23Þ
with Y1 being the ‘‘centre’’ of the inclusion ge (see Fig. 1).
For W1ðn1Þ ¼ Win1 ; n1 2 g; Wout1 ; n1 2 R2 n g
n o
we consider the
following problem
DWin1 ðn1Þ ¼ 0; n1 2 g; DWout1 ¼ 0; n1 2 R2 n g; ð24Þ
where
g ¼ e1ge  n1 2 R2 : en1 þ Y1 2 ge
 
:
The functionW1 remains continuous across the interface @ g, that is,
Win1 ¼Wout1 on @g
and satisﬁes on @g the following transmission condition
li
@
@n
Win1 ðn1Þ  lþ
@
@n
Wout1 ðn1Þ
¼ ðlþ  liÞn  ruð0ÞðY1Þ þ OðeÞ; e! 0; ð25Þ
where n ¼ nn1 is an outward unit normal on @g. The formulation is
completed by setting the following condition at inﬁnity
Wout1 ! 0 as jn1j ! 1: ð26Þ
The problem above has been solved by various techniques and the
solution can be found, for example, in Movchan and Movchan
(1995).
Since we assume that the inclusion is at a ﬁnite distance from
the interface between the half-planes, we shall only need the lead-
ing term of the asymptotics of the solution at inﬁnity. This term
reads as follows
Wout1 ðn1Þ ¼ 
1
2p
rx uð0ÞjY1
h i
 M1 n1jn1j2
" #
þ Oðjn1j2Þ as n1 !1;
ð27Þ
whereM1 is a 2  2 matrix which depends on the characteristic
size l1 of the domain g and the ratio l+/li; it is called the dipole ma-
trix. For example, in the case of an elliptic inclusion with the semi-
axes la and lb making an angle a1 with the positive direction of the
x1-axis and x2-axis, respectively, the matrixM1 takes the form
M1 ¼ p2 lalbð1þ eÞðlH  1Þ

1þ cos 2a1
eþ lH
þ 1 cos 2a1
1þ elH
ð1 eÞðlH  1Þ sin 2a1ðeþ lHÞð1þ elHÞ
 ð1 eÞðlH  1Þ sin 2a1ðeþ lHÞð1þ elHÞ
1 cos 2a1
eþ lH
þ 1þ cos 2a1
1þ elH
2
6664
3
7775;
ð28Þ
where e = lb/la and lw = l+/li. We note that for a soft inclusion,
l+ > li, the dipole matrix is negative deﬁnite, whereas for a stiff
inclusion, l+ < li, the dipole matrix is positive deﬁnite.
The term eW1(n1) in a neighbourhood of the x1-axis written in
the x coordinates takes the form
eW1ðn1Þ ¼ e2w1ðxÞ þ oðe2Þ; e! 0; ð29Þ
where
w1ðxÞ ¼  12p rxu
ð0ÞjY1
h i
 M1 x Y1jx Y1j2
" #
: ð30Þ
As a result, one can compute the average e2hr1i and the jump e2sr1t
of the ‘‘effective’’ traction across the line x2 = 0 induced by the elas-
tic inclusion ge. By ‘‘effective’’ traction we mean ideal tractions
which, when applied in the bimaterial plane without defects,produce the same perturbation as that of the defects in question.
Since the function u(1) in (22) must satisfy the condition @u(1)/
@x2 = @w1/@x2 on the line x2 = 0 (to fulﬁl the original boundary
conditions (3) and interface conditions (4)), this gives
hr1i ¼ 12 ðlþ þ lÞ
@w1
@x2
; sr1t ¼ ðlþ  lÞ
@w1
@x2
; ð31Þ
where
@w1
@x2
¼  1
2p rxu
ð0ÞjY1
h i
M1 e2jx Y1j2
þ 1p rxu
ð0ÞjY1
h i
M1
 ðx Y1Þðx2  Y12Þjx Y1j4
: ð32Þ
In the limit li?1, we obtain the dipole matrix for a rigid movable
inclusion. In the case of an elliptic rigid inclusion, we have
M¼p
2
lalbð1=eþ1Þ
1þcos2aþeð1cos2aÞ ð1eÞsin2a
ð1eÞsin2a 1cos2aþeð1þcos2aÞ
 
:
ð33Þ3.1.2. Microcrack or small void
Now we apply the same procedure to a microcrack. Since the
leading term u(0) does not satisfy traction free boundary conditions
(6) on the microcrack faces c2 , we construct a boundary layer
W2(n2), where the new scaled variable n2 is deﬁned similarly to
(23) with Y1 replaced by Y2, the middle point of the microcrack
(see Fig. 1).
The function W2 satisﬁes the Laplace equation in a homoge-
neous plane containing a crack of ﬁnite length 2l2 and the follow-
ing traction conditions on the crack faces
@
@n
W2ðn2Þ ¼ n  ruð0ÞðY2Þ þ OðeÞ; e! 0; ð34Þ
where n ¼ nn2 is an outward unit normal on the crack faces of the
ﬁnite crack c2 ¼ e1ce2  n2 2 R2 : en2 þ Y2 2 ce2
 
. Again, we are
looking for the boundary layer solution which decays at inﬁnity.
Such a problem has been solved by various techniques and the solu-
tion can be found, for example, in Muskhelishvili (2008). The
asymptotic formulae (27), (29) and (30) remain the same with the
dipole matrixM1 replaced by
M2 ¼ pl
2
2
2
1 cos 2a2  sin 2a2
 sin 2a2 1þ cos 2a2
 
; ð35Þ
giving the average e2hr2i and the jump e2sr2t of traction across the
interface between the two half-planes in the form of (31) with w1
replaced by w2.
For the case of a small void, one can construct the correspond-
ing boundary layer following Movchan et al. (2002). It has been
shown that for an arbitrary ﬁnite void, the dipole matrix coincide
with the one corresponding to an ‘‘equivalent’’ elliptic void. Denot-
ing by la and lb the semi-axes of the ellipse, and by a2 the angle
formed by la-semi-axis and the x1-axis, the dipole matrix can be
written as follows
M ¼ p
2
ðla þ lbÞ2 I þ 1 e1þ e
 cos 2a  sin 2a
 sin 2a cos 2a
  
; ð36Þ
where e = lb/la is the eccentricity of the ellipse. One can see that in
the limit case as e? 0, the formula (35) is recovered from (36).
3.1.3. Rigid line inclusion
In the case of a small rigid line inclusion, the boundary layer
solution W3(n3) satisﬁes the Laplace Eq. (24) in the entire plane
of the scaled coordinates system n3 2 R2 introduced as in (23),
where the point Y1 is replaced by Y3 and stands for the middle
point of the rigid inclusion (see Fig. 1).
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fn3 2 R2 : en3 þ Y3 2 ce3g the function W3 satisﬁes the following
condition (compare with (7)):
eW3ðn3Þ ¼ u  uð0ÞðY3Þ  erxuð0ÞjY3  n3 þ Oðe2Þ; e! 0:
Substituting (22) into (7) gives
u ¼ uð0ÞðY3Þ þ erxuð0ÞjY3  n3 þ eW3ðn3Þ þ Oðe2Þ; e! 0: ð37Þ
To satisfy this condition we need to set u⁄ = u(0)(Y3) and
W3ðn3Þ ¼ rxuð0ÞjY3  n3; n3 2 c3: ð38Þ
Finally, we are looking for a solution which decays at inﬁnity simi-
larly to (26).
Such a problem can been solved by various techniques. We shall
present the construction of the dipole ﬁeld using complex analysis
in Appendix B, following Muskhelishvili (2008). The corresponding
dipole matrix takes the form
M3 ¼ pl
2
3
2
1þ cos 2a3 sin 2a3
sin 2a3 1 cos 2a3
 
: ð39Þ
One can see that in the limit case as e? 0, the formula (39) is recov-
ered from (33).
In the original coordinate system x, far away from the rigid
inclusion, the asymptotics of the boundary layer solutionW3 takes
the same form as (29) and (30), where w1 andM1 should be re-
placed by w3 andM3, respectively.
The average and jump of traction across the interface crack can
be found by formulae analogous to (31).
3.1.4. Line defect with imperfect bonding
The dipole ﬁeld and corresponding dipole matrix for a line de-
fect with imperfect bonding can be derived, as a limiting case, from
the solution for a perfectly bonded elastic elliptic inclusion, see
Section 3.1.1. We distinguish between stiff and soft line defect.
The transmission conditions for a soft line defect (Antipov et al.,
2001; Mishuris, 2001; Hashin, 2001) are given by
srtðsÞ ¼ 0; sutðsÞ ¼ jrðsÞ; ð40Þ
where s is an abscissa along the line inclusion, sut and r are the dis-
placement jump across the line inclusion and the respective (con-
tinuous) traction, and j is the compliance of the bonding.
Correspondingly, the dipole matrix is derived from (28) by choosing
l⁄lb = j and then taking the limit lb? 0. We obtain
M ¼ p
2
l2j
lþ j
1 cos 2a  sin 2a
 sin 2a 1þ cos 2a
 
: ð41Þ
One can check that the solution for a microcrack (35) is recovered
by taking the limit j?1 in (41).
For a stiff line defect, the transmission conditions (Benveniste
and Miloh, 2001; Mishuris, 2003) are written as
sutðsÞ ¼ 0; jsrtðsÞ þ @
2u
@s2

c
¼ 0: ð42Þ
In this case, the dipole matrix is derived from (28) by choosing
l⁄ = jlb and then taking the limit lb? 0. We obtain
M ¼ p
2
l2
1þ jl
1þ cos 2a sin 2a
sin 2a 1 cos 2a
 
: ð43Þ
One can check that the solution for a rigid line inclusion (39) is
recovered by taking the limit j? 0 in (43).3.2. Singular perturbation for crack advance
In this section, we consider a singular perturbation of the phys-
ical ﬁelds generated by an advance of the crack tip by a small quan-
tity e2/. We denote unperturbed quantities by subscript 0 and
perturbed quantities by subscript w. We also write the perturbed
ﬁelds with reference to a coordinate system centred at the new
crack tip position.
Writing the Betti identity (19) for the unperturbed (r0 and su0t)
and the perturbed (rw and suwt) quantities and then subtracting
one from the other, we obtain, after the Fourier transform, (see
for details Piccolroaz et al., 2009)
sUtþ rþ0  eibe
2/ rþH
 
 R su0t  eibe2/suHt
 
¼ 0: ð44Þ
In (44) the bar denotes Fourier transform with respect to the vari-
able x1, and b the corresponding variable in the transformed space.
The superscripts + and  characterise functions analytic in the
upper and lower half planes respectively.
Following Willis and Movchan (1995), we expand the exponen-
tial term as exp(ibe2/) = 1 + ie2/b + O(e4) and also substitute into
(44) the two-terms asymptotic of traction rþ0 and crack opening
su0t
, as b±?1:
rþ0 ¼
ð1þ iÞKð0ÞIII
2
b1=2þ 
ð1 iÞAð0ÞIII
4
b3=2þ þO b5=2þ
 
; ð45Þ
su0t
 ¼ð1þ iÞðlþ þlÞK
ð0Þ
III
2lþl
b3=2 þ
ð1 iÞðlþ þlÞAð0ÞIII
4lþl
b5=2 þO b7=2
 
:
ð46Þ
These asymptotics are obtained from (11) and (12) after the Fourier
transform. Note that the perturbed ﬁelds, rþH and suHt
, have the
same asymptotic expansion as in (45) and (46), subject to replacing
Kð0ÞIII with K
H
III and A
ð0Þ
III with A
H
III. Then, collecting like powers of b±, we
get
1þ i
2
ðKð0ÞIII  KHIIIÞ þ
1 i
4
ie2/AHIII
 
b1þ  b1
 þ Oðb2Þ ¼ 0: ð47Þ
From (47) we can conclude that, in the limit as e? 0, the ﬁrst-order
perturbation of the stress intensity factor due to a uniform advance
of the crack tip is given by
KHIII  Kð0ÞIII :¼ e2DK/III ¼
e2/
2
Að0ÞIII ; ð48Þ
where Að0ÞIII is the coefﬁcient in the second-order term asymptotics of
the unperturbed ﬁelds and it is given in terms of the loading applied
to the crack faces as follows
Að0ÞIII ¼
ﬃﬃﬃ
2
p
r Z 0
1
hpiðx1Þ þ g2 sptðx1Þ
 
ðx1Þ3=2dx1: ð49Þ
Note that, although a competing double expansion, as e? 0 and
b±?1, has been used in this procedure, the correctness of the ﬁnal
result has been proved in Piccolroaz et al. (2009) by means of the
Wiener–Hopf technique.
3.3. Analysis of a stable quasi-static propagation of an interfacial crack
The stress intensity factor is expanded as follows
K III ¼ Kð0ÞIII þ e2 DK/III þ
X3
j¼1
DKðjÞIII
 !
þ oðe2Þ; e! 0; ð50Þ
where Kð0ÞIII is the stress intensity factor for the unperturbed crack,
DK/III is the singular perturbation due to the uniform advance of
the crack tip,
P3
j¼1DK
ðjÞ
III is the perturbation produced by the defects.
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interface, the energy release rate remains constant and equal to the
critical value, G = Gc, so that
DG ¼ G Gð0Þ ¼ 0: ð51Þ
The energy release rate can be represented in terms of the stress
intensity factor by
G ¼ 1
4
1
lþ
þ 1
l
	 

K2III; ð52Þ
so that (51) naturally becomes
K III ¼ Kð0ÞIII : ð53Þ
Upon replacing in the above equation the expansion (50), we obtain
2e2Kð0ÞIII DK
/
III þ
X3
j¼1
DKðjÞIII
 !
þ oðe2Þ ¼ 0; e! 0 ð54Þ
and thus
DK/III þ
X3
j¼1
DKðjÞIII ¼ 0; ð55Þ
where DK/III is given by (48), whereas DK
ðjÞ
III is given by
DKðjÞIII ¼ 
ﬃﬃﬃ
2
p
r Z 0
1
hrðjÞi þ g
2
srðjÞt
 
ðx1Þ1=2dx1 ð56Þ
with hr(j)i and sr(j)t being the average and the jump of the traction
induced by the defects across the crack faces, given by (31)–(32).
The integral in (56) can be evaluated explicitly and we obtain the
formula
DKðjÞIII ¼ 
ﬃﬃﬃ
2
p
r
lþl
lþ þ l
rxuð0ÞjY j Mjcj; ð57Þ
where Mj is the dipole matrix for the corresponding defect,
rxuð0ÞjY j is the gradient of the displacement in the unperturbed con-
ﬁguration evaluated at the centre of the defect Yj = (djcosuj,djsinuj),
given by (21), and
cj ¼ 1
2d3=2j
 sin 3uj
2
; cos
3uj
2
 
: ð58Þ
As a result, we obtain the formula
/ ¼  2
Að0ÞIII
X3
j¼1
DKðjÞIII ; ð59Þ
which, together with (49) and (57), allows for the analysis of the
quasi-static propagation of the interfacial crack interacting with
small micro-cracks and inclusions.(a)
Fig. 2. Two neutral arrangements for remotely applied loading, a? +1. Arrangem
(d1cosu1,d1sinu1) and a rigid line inclusion of length 2el2 = 4el1, orientation a2 = a1  p
length 2el1, orientation a1 and placed at the point (d1cosu1,d1sinu1) and a rigid line inclu
(d1cosu1,d1sinu1).4. Numerical results
In this section, we show numerical results based on the expli-
cit asymptotic formulae for the perturbation of stress intensity
factor (57) and for the crack advance (59). In Section 4.1 we ana-
lyse the shielding and ampliﬁcation effects on the crack-tip ﬁeld
of two defect arrangements (see Fig. 2). From this analysis it is
possible to predict whether the crack will propagate (ampliﬁca-
tion) or not (shielding) from the speciﬁed position. In the case of
propagation, the formula (59) allows us to incrementally calcu-
late the crack advance, so that we can predict the extent of crack
propagation and, in particular, whether the crack will arrest at a
certain point or continue propagating. This is discussed in
Section 4.2.
4.1. Shielding and ampliﬁcation effects
A neutral defect conﬁguration is a conﬁguration for which the
perturbation of the stress intensity factor is zero, DKIII = 0. For
non-neutral conﬁgurations, we may have shielding effect when
the defects produce a decrease of the stress intensity factor,
DK III=K
ð0Þ
III < 0, or ampliﬁcation effect in the opposite case,
DK III=K
ð0Þ
III > 0.
Before the discussion of computations, we derive simpliﬁed
asymptotic formulae, which are valid in the case where the loading
is applied far away from the crack tip. Let us denote the support of
the applied loading by sup p±  (1,a), a > 0. We have the fol-
lowing reduced asymptotic formula as a? +1, valid for any ellip-
tic inclusion with semi-axes la, lb and making an angle a with the
positive x1-direction
DK III
K ð0ÞIII
	1
2
lalb
d2
ð1þeÞðlH1Þ
l

lþ þl
1
eþlH
sin
3u
2
a
	 

sin
u
2
a
 
þ 1
1þelH
cos
3u
2
a
	 

cos
u
2
a
 
: ð60ÞFrom this formula we can derive the limiting cases as a? +1 for
different type of defect, namely:
– for a microcrack:(b)
ent (a)
/2 and p
sion ofDK III
Kð0ÞIII
	 1
2
l2
d2
l

lþ þ l
cos
3u
2
 a
	 

cos
u
2
 a
 
; ð61Þ– for a rigid line inclusion:DK III
Kð0ÞIII
	 1
2
l2
d2
l

lþ þ l
sin
3u
2
 a
	 

sin
u
2
 a
 
; ð62Þ: a microcrack of length 2el1, orientation a1 and placed at the point
laced at the point (2d1cosu1,2d1sinu1). Arrangement (b): a microcrack of
length 2el2 ¼ 2el1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l=lþ
p
, orientation a2 = p/2  a1 and placed at the point
(b)(a)
Fig. 3. Shielding (light grey), ampliﬁcation (medium grey) and neutral (dark grey) regions created by a microcrack and a rigid line inclusion arranged as shown in Fig. 2a. The
diagrams are for a weak interface between two identical materials, g = 0, and symmetrical loading, b = 0. The position of the microcrack is characterised by the angles u1 and
a1, whereas the position of the rigid line inclusion is determined by conditions (67). The dark grey region corresponds to neutral conﬁgurations, that is conﬁgurations for
which the perturbation is negligibly small (within the accuracy d = 106). Figure (a): load is applied close to the crack tip, a = 3. Figure (b): load is applied at a large distance
from the crack tip, a = 100.
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diagram
loadingDK III
Kð0ÞIII
	 1
2
lalb
d2
ð1=eþ 1Þ l
lþ þ l
e sin
3u
2
 a
	 

sin
u
2
 a
 
þ cos 3u
2
 a
	 

cos
u
2
 a
 
g; ð63Þ– for an elliptic rigid inclusion:DK III
Kð0ÞIII
	 1
2
lalb
d2
ð1=eþ 1Þ l

lþ þ l
sin
3u
2
 a
	 

sin
u
2
 a
 
þe cos 3u
2
 a
	 

cos
u
2
 a
 
; ð64Þ– for a line defect with soft bonding and transmission conditions
given by (40):DK III
Kð0ÞIII
	 1
2
l2
d2
l

lþ þ l
j
lþ j
 cos 3u
2
 a
	 

cos
u
2
 a
 
; ð65ÞShielding (light grey), ampliﬁcation (medium grey) and neutral (dark grey) region
s are for a weak interface between two identical materials, g = 0, and three-poin
from the crack tip increases from 3 to 100. From up to bottom the asymmetry b– for a stiff line defect with transmission conditions given by (42):s created
t loadin
of loadDK III
Kð0ÞIII
	 1
2
l2
d2
l

lþ þ l
1
1þ jl
 sin 3u
2
 a
	 

sin
u
2
 a
 
: ð66ÞNote that the formula (61) in the case of a homogeneous body was
previously obtained by Gong (1995).
From these simpliﬁed asymptotic formulae, it is possible to de-
sign neutral conﬁgurations, for the case where the loading is ap-
plied at large distance from the crack tip. To illustrate this, we
show in Fig. 2 two examples of defects arrangements. The case of
Fig. 2a consists of two defects, a microcrack, denoted by subscript
1, and a rigid line inclusion, denoted by subscript 2, located in the
same half-plane and such that
l1=d1 ¼ l2=d2; /1  /2 ¼ 0; a1  a2 ¼ p=2: ð67Þby a microcrack and a rigid line inclusion arranged as shown in Fig. 2a. The
g, characterised by parameters a and b. From left to right the distance a of
ing increases from 0 to 0.99a.
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microcrack and a rigid line inclusion, but they are located in differ-
ent half-planes and such that
ll
2
1=d
2
1 ¼ lþl22=d22; /1 þ /2 ¼ 0; a1 þ a2 ¼ p=2: ð68Þ
When the loading is applied at a ﬁnite distance from the crack tip,
arrangements (a) and (b) shown in Fig. 2 are, in general, not neutral
any longer, and we may have shielding and ampliﬁcation effects. To
illustrate this, we consider a three-point load as shown in Fig. 2.
This load is self-balanced for any b < a, and is symmetrical only
for b = 0.
We consider ﬁrst arrangement (a) for the case of a weak inter-
face between two identical materials (l+ = l = l) and symmetri-
cal load, b = 0, see Fig. 3. In the computation we use the values:
el1 = 0.1, d1 = 1, el2 = 0.2, d2 = 2. On the diagrams, the horizontal
axis stands for the angle u1(p < u1 < p) deﬁning the angular po-
sition of the centre of the microcrack 1 with respect to the crack
tip. On the vertical axis we report the value of the angle
a1(0 < a1 < p) deﬁning the crack orientation with respect to the
x1-direction. The position of the rigid line inclusion 2 is determined
by (67). It is worth noting that, in a real experiment, the perturba-
tion of the stress intensity factor DKIII can be measured with the
accuracy d ¼ DK III=Kð0ÞIII with respect to the unperturbed value Kð0ÞIII ,
so that the region corresponding to shielding is deﬁned by
DK III < dKð0ÞIII and shadowed by light grey in the diagrams. The re-
gion corresponding to ampliﬁcation is deﬁned by DK III > dK
ð0Þ
III and
shadowed by medium grey. The dark grey region in the diagrams
corresponds to situations for which jDK IIIj < dKð0ÞIII , that is the per-
turbation is negligibly small and the corresponding conﬁguration
could be regarded as neutral.
Fig. 3a corresponds to a two-point (symmetrical) load situated
close to the crack tip, a = 3. The diagram is symmetrical with re-
spect to the angle u1, as the load is symmetrical and the materials
are identical. As the distance a of the load from the crack tip in-
creases, the diagram changes and the dark grey region, correspond-
ing to neutral conﬁgurations, enlarges, as shown in Fig. 3b where
we set a = 100.Fig. 5. Shielding (light grey), ampliﬁcation (medium grey) and neutral (dark grey) region
diagrams are for a bimaterial solid with g = 0.67, and three-point loading, characterised b
increases from 3 to 100. From up to bottom the asymmetry b of loading increases fromIn Fig. 4, we analyse the effect of the asymmetry of loading for
the same conﬁguration as in Fig. 3. The diagrams correspond to a
three-point loading, characterised by the parameters a and b, as
shown in Fig. 2. The deﬁnition and range of the angles a1 and u1
are the same as in Fig. 3 (p <u1 < p,0 < a1 < p). We consider four
values of the parameter a, namely a = 3, 6, 10, 100, from left to
right. This allows us to trace different situations corresponding to
the increasing distance of the loading from the crack tip (keeping
b ﬁxed). The asymmetry of loading is measured by the parameter
b, which increases from the upper part (symmetrical loading
b = 0) to the lower part (b = 0.99a) of the ﬁgure.
From the results presented in Fig. 4, the following conclu-
sions can be drawn. First, the neutral region (shadowed dark
grey) enlarges when moving from the diagrams on the left to
those on the right. This ﬁnding, already evident in Fig. 3 where
only the values a = 3 and a = 100 were considered with b = 0,
conﬁrms the validity of the simpliﬁed formulae (61) and (62),
established in the literature (Gong, 1995). Secondly, it is clear
that the asymmetry of loading plays an important role. Indeed,
even for a = 100 and b = 0.33a, or b = 0.66a, when the nearest
point force is still well separated from the crack tip, the shield-
ing-ampliﬁcation diagrams are essentially different from those
of the symmetrical case (b = 0). Thirdly, since the distance of
the loading from the crack tip is measured by a  b, the neutral
region shrinks by increasing the asymmetry b at ﬁxed a (thus
moving from the diagrams on the upper part to those on the
lower part).
In Figs. 5 and 6, we show the inﬂuence of the inhomogeneity
on the shielding and ampliﬁcation effects. For this purpose, we
consider the aforementioned three-point loading for the case of
a bimaterial plane with contrast parameter g = 0.67 (diagrams
of Fig. 5) and g = 0.67 (diagrams of Fig. 6). All other parame-
ters (a,b,a1 and u1) are deﬁned in the same manner as above.
The inﬂuence of the inhomogeneity is clearly observable only
for a highly pronounced non-symmetrical loading which is applied
close to the crack tip. Furthermore, the shielding and ampliﬁcation
effects are more pronounced when the defects are located in thes created by a microcrack and a rigid line inclusion arranged as shown in Fig. 2a. The
y parameters a and b. From left to right the distance a of loading from the crack tip
0 to 0.99a.
Fig. 6. Shielding (light grey), ampliﬁcation (medium grey) and neutral (dark grey) regions created by a microcrack and a rigid line inclusion arranged as shown in Fig. 2a. The
diagrams are for a bimaterial solid with g = 0.67, and three-point loading, characterised by parameters a and b. From left to right the distance a of loading from the crack tip
increases from 3 to 100. From up to bottom the asymmetry b of loading increases from 0 to 0.99a.
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plane, p < u1 < 0, in Fig. 6).
Finally, we comment on the arrangement (b), see Fig. 2b. This
conﬁguration turns out to be neutral for any symmetrical loading,
independently of the distance a from the crack tip, and the dia-
grams are very similar regardless of the bimaterial parameter g.
For this reason, we present in Fig. 7 results only for the case of
asymmetrical loading, b– 0, and weak interface between two
identical materials, g = 0.
It follows from Fig. 7 that the neutrality property of arrange-
ment (b) is broken by the asymmetry of loading and thus ampliﬁ-
cation-shielding regions appear for b– 0. Moreover, the inﬂuence
of asymmetry is not only quantitative but also qualitative, since
the diagrams are completely different for different values of b. This
emphasises the importance of the skew-symmetric weightFig. 7. Shielding (light grey), ampliﬁcation (medium grey) and neutral (dark grey) region
diagrams are for a weak interface between two identical materials, g = 0, and three-poin
loading from the crack tip increases from 3 to 100. From up to bottom the asymmetry bfunctions (Piccolroaz et al., 2009) which are used to evaluate the
contribution of the skew-symmetric load.
4.2. Crack propagation and arrest
In this section we discuss the inﬂuence of small defects on the
crack propagation, in particular on the crack ‘‘acceleration’’ and ar-
rest. Given a conﬁguration of defects and position of the crack tip
with respect to the defects, the formula (59) allows for the computa-
tion of the incremental crack advance/. It is possible then to update
the conﬁgurationwith the newposition of the crack tipwith respect
to the defects and recompute the incremental crack advance in the
new conﬁguration, following an iterative procedure. The crack
‘‘accelerates’’ when the increment / is increasing and ‘‘decelerates’’
in the opposite case. The total crack elongation is computed ass created by a microcrack and a rigid line inclusion arranged as shown in Fig. 2b. The
t loading, characterised by parameters a and b. From left to right the distance a of
of loading increases from 0.33a to 0.99a.
(a)
(b) (d)
(c)
Fig. 8. Acceleration and arrest of the main crack along a weak interface between two identical materials, produced by a microcrack and a rigid line inclusion arranged as in
Fig. 2a. The initial position of the microcrack relative to the crack tip is characterised by the values d1 = 1, u1 = p/8. Five cases of angular orientation of the microcrack are
considered, namely a1 = 0, p/8, p/4, 3p/8, p/2, and denoted by labels from 1 to 5. The initial position and the inclination of the rigid line inclusion is determined by conditions
(67). The crack elongation, denoted by x, is assumed equal to 0 in the initial conﬁguration. Figure (a): crack elongation x vs. number of iterations. Figure (b): increment / vs.
number of iterations. Figure (c): increment / vs. crack elongation x. Figure (d): initial conﬁgurations are indicated by spots in the shielding-ampliﬁcation diagram.
(a)
(b) (d)
(c)
Fig. 9. Initial acceleration followed by steady-state propagation of the main crack along a weak interface between two identical materials, produced by a microcrack and a
rigid line inclusion arranged as in Fig. 2a. The initial position of the microcrack relative to the crack tip is characterised by the values d1 = 1, u1 = 7p/8. Four cases of angular
orientation of the microcrack are considered, namely a1 = 3p/8, p/2, 5p/8, 3p/4, and denoted by labels from 1 to 4. The initial position and the inclination of the rigid line
inclusion is determined by conditions (67). The crack elongation, denoted by x, is assumed equal to 0 in the initial conﬁguration. Figure (a): crack elongation x vs. number of
iterations. Figure (b): increment / vs. number of iterations. Figure (c): increment / vs. crack elongation x. Figure (d): initial conﬁgurations are indicated by spots in the
shielding-ampliﬁcation diagram.
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XN
i¼0
/i; ð69Þ
where N is the number of iterations.
In Fig. 8 we show the numerical results for the case of two de-
fects (a microcrack and a rigid line inclusion) arranged as shown in
Fig. 2a. The materials are assumed identical g = 0 and the loading is
symmetric b = 0. The initial position of the microcrack relative tothe main crack tip is characterised by the values d1 = 1, u1 = p/8.
Five cases of angular orientation of the microcrack are considered,
namely a1 = 0, p/8, p/4, 3p/8, p/2, and denoted by labels from 1 to
5, see Fig. 8d. The initial position and the inclination of the rigid
line inclusion is determined by conditions (67).
Fig. 8a shows the crack elongation x as a function of the
number of iterations. For all cases, we may observe crack accel-
eration followed by a rapid deceleration and arrest, see Fig. 8b.
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particular position of the crack tip. The total elongation at arrest
is different for different cases. In the case denoted by 5, the
crack advance is initially very slow, because the initial conﬁgura-
tion is close to the border of the neutral region (dark grey region
in Fig. 8d), but the crack reaches the largest elongation at arrest.
The incremental crack advance / is plotted against the crack
elongation x in Fig. 8c.
In Fig. 9 we consider the same situation as in Fig. 8, however
now the initial position of the microcrack relative to the main crack
tip is characterised by the values d1 = 1,u1 = 7p/8, and four angular
orientation are considered, a1 = 3p/8, p/2, 5p/8, 3p/4, see Fig. 9d.
We may observe a crack acceleration followed by a slow decelera-
tion until a steady-state propagation is reached. In fact, as the crack
is propagating and the angle u1 is increasing (up to the maximum
value p), the corresponding conﬁguration will always remain in
the ampliﬁcation region, see Fig. 9d.5. Conclusions
In the present paper we show that the new weight functions for
a bimaterial plane constructed in Piccolroaz et al. (2009) together
with the dipole matrix approach provide an efﬁcient tool in analy-
sis of perturbation problems arising from the interaction of an
interfacial crack with small defects, including elastic inclusions,
microcracks, rigid line inclusions, and line defects with imperfect
bonding. We also show that the skew-symmetric weight functions
play a crucial role as they permit to evaluate the contribution of
the skew-symmetric load applied along the crack faces.
We illustrate the method with a number of applications, rang-
ing from the analysis of shielding-ampliﬁcation effects of the de-
fects on the crack-tip ﬁelds to the perturbation modelling of the
quasi-static interface crack propagation. The inﬂuence of asymme-
try and position of the loading with respect to the crack tip is dis-
cussed and quantiﬁed.
As a ﬁnal remark, we note that the method can be extended to
the case when the number of defects becomes increasingly high
(clouds of defects). However, this requires additional accurate
treatment of the interaction between defects and it is beyond the
scope of the present paper.Acknowledgement
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PIAP-GA-2009-251475, respectively.Appendix A. The dipole matrix for an elastic elliptic inclusion in
antiplane shear
Although the general problem of an elliptic inclusion in an inﬁ-
nite medium subject to remote uniform stress has been known
since the mid of the last century (Donnell, 1941; Hardiman,
1954), the dipole matrix in the case of antiplane shear is practically
impossible to ﬁnd in the existing literature. For this reason, we
have decided to present here not only the matrix but also in brief
its derivation.
We consider an elastic elliptic inclusion g, with shear modulus
l0, embedded in an inﬁnite body with shear modulus l, undergo-
ing antiplane shear deformation. The boundary of the inclusion is
denoted by @g = {(x,y) :x2/a2 + y2/b2 = 1}.The problem is formulated as follows:
Du ¼ 0 in R2 n g;
Du0 ¼ 0 in g;
u ¼ u0; l @u
@n
¼ l0
@u0
@n
on @g;
u ¼ BRx BIyþ Oð1Þ as r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ y2
p
!1;
ðA:1Þ
where u0 and u are the displacements in the interior and exterior of
the inclusion, respectively, n is an outward unit normal on @g and
BR, BI are known constants.
The displacement in the inclusion is linear (Horgan, 1995; Ru
and Schiavone, 1996), so that
u0 ¼ ARx AIy in g: ðA:2Þ
Our objective is to compute the next term in the asymptotic of the
displacement ﬁeld at inﬁnity, Eq. (A.1), whichwill be provide uswith
the required dipole matrix. To this purpose we will use the theory of
analytic functions. Thus, we write u0ðx; yÞ ¼ ReU0ðzÞ ¼ U0RðzÞ and
u(x,y) = ReU(z) = UR(z), where U0 = Az is a linear function in g and U
is an analytic function in X n g satisfying the following conditions
U¼BzþD1
z
þOðjzj2Þ; B¼BRþ iBI; D¼DRþ iDI; z!1;
U0RUR¼0; l0U0I lUI¼0 on @g:
ðA:3Þ
Note that, in order to ﬁnd the dipole matrix, we do not need the
complete solution but only the constant D1. Furthermore, we intro-
duce the conformal mapping
z ¼ c fþ k
f
	 

; c > 0; 0 < k < 1;
which maps the ellipse @g in the z-plane onto the unit circle in the
f-plane. The segment d connecting the foci of the ellipse is mapped
onto the circle jfj ¼ ﬃﬃﬃkp , so that the region gnd is transformed into
the ring
ﬃﬃﬃ
k
p
< jfj < 1.
We seek for the solution in the transformed coordinates in the
form
U0 ¼ Acðfþ k=fÞ; U ¼ bfþ c1=f: ðA:4Þ
Such a solution exists with constants b and c1 satisfying the follow-
ing conditions
c1R ¼ bR
lð1þ kÞ  l0ð1 kÞ
lð1þ kÞ þ l0ð1 kÞ
; c1I ¼ bI
lð1 kÞ  l0ð1þ kÞ
lð1 kÞ þ l0ð1þ kÞ
:
Going back to the original coordinates, from the asymptotic expan-
sion f = z/c  ck/z + O(jzj3), z?1, we get
b ¼ cB; D1 ¼ c1c  bkc:
As a result, we obtain the required two terms asymptotic of the dis-
placement at inﬁnity in the form
u¼BRxBIy 12pfBR;BIgP
fx;yg
x2þy2þOðr
2Þ; as r!1; ðA:5Þ
where, taking into account that c = (a + b)/2 and k = (a  b)/(a + b),
the dipole matrix P is given by
P ¼ pabðaþ bÞ
l l0
laþ l0b
0
0
l l0
l0aþ lb
2
664
3
775: ðA:6Þ
We obtain the solution we need in Section 3.1.1 by deﬁning new
functions ~u ¼ u BRxþ BIy and ~u0 ¼ u0  BRxþ BIy. Then ~u and ~u0
satisfy a BVP similar to (A.1), in which the condition at inﬁnity is re-
placed by ~u! 0 as r?1, and the ideal transmission conditions are
replaced by imperfect transmission conditions as follows
~u ¼ ~u0; l @
~u
@n
 l0
@~u0
@n
¼ ðl l0Þn  fBR;BIg on @g:
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inclusion
One can ﬁnd, as a particular case from Muskhelishvili (2008), a
solution U for analytic function in the complex plane with given
conditions along the symmetric segment of the length 2a situated
along the real x-axis: U+ = F(x), U = F(x). The bounded solution for
this problem reads
UðzÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
RðzÞp
pi
Z a
a
FðtÞdtﬃﬃﬃﬃﬃﬃﬃﬃﬃ
RðtÞp ðt  zÞ ; ðB:1Þ
where z = x + iy, and R(z) = z2  a2. This solution vanishes at inﬁnity
if the following condition is satisﬁedZ a
a
FðtÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃRðtÞp dt ¼ 0: ðB:2Þ
It is clear from (38) that this condition is satisﬁed, since for a rigid
line inclusion F(t) = Bt, where B ¼ rxuð0ÞjY3 UTða3Þe1, with U
being the rotation matrix and e1 the unit vector along the x1-axis.
The asymptotics at inﬁnity for this function takes the form
UðzÞ ¼ Ba
2
2z
þ Oðz3Þ; as z!1: ðB:3Þ
Thus, the boundary layer solution for a rigid line inclusion in the
coordinate system n3 is given by a formula similar to (27) with
M1 replaced by (39).
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